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Topological Fluid Dynamics: Theory and Applications
Instability by weak precession of the ﬂow in a rotating sphere
Shigeo Kida∗
Organization for Advanced Research and Education, Doshisha University, Japan
Abstract
A linear stability analysis is presented of the steady ﬂow in a rapidly rotating sphere undergoing weak precession. It is well-known
that without precession all disturbances damp with decay rate proportional to Re−1/2 where Re = a2Ωs/ν is the Reynolds num-
ber deﬁned by a the sphere radius, Ωs the the spin angular velocity, and ν the kinematic viscosity of ﬂuid. With precession, two
kinds of instability modes exist; one is global and inviscid in nature, and the other is local and viscous. Here we investigate the
former by an asymptotic analysis for large Re and small Γ (= Ωp/Ωs), the ratio of the precession and spin angular velocities.
It is shown that a weak precession with Γ of order Re−1/2 destabilises disturbances through coupling between an axisymmetric
mode (with respect to the spin axis) and the (2,1,1) mode. We ﬁnd that the neutral curve for the instability behaves asymptotically
as Γ = 7.9Re−1/2. For the local modes on the other hand, the neutral curve behaves as Γ ∝ Re−4/5. These results are compared
with observations (Goto et al., 2011) for a precessing sphere and spheroid.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of K. Bajer, Y. Kimura, & H.K. Moffatt.
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1. Introduction
Fluid ﬂows inside a sphere or a spheroid have long attracted attention as a simple model of rotating celestial bodies,
especially in relation to geophysical applications [1] and the compact turbulence generator [2]. Since this system is
rather simple in that the boundary is of simple, closed geometry, and the ﬂow is driven only by two constant rotations,
an analytical approach is possible to provide comparison with experimental measurements. Exact analytical results are
useful as a reliable guide in the course of researches, either theoretical, numerical or experimental, of ﬂuid dynamics.
Here we investigate the asymptotic behaviour of the neutral curve of linear stability of the steady ﬂow in a precessing
sphere .
It is well-known [3] that the ﬂow in a sphere spinning with constant angular velocity is neutrally stable in the
inviscid limit and that all the disturbances damp with decay rate proportional to Re−1/2, where Re = a2Ωs/ν is
the Reynolds number deﬁned by a the sphere radius, Ωs the spin angular velocity, and ν the kinematic viscosity of
ﬂuid. We are interested in how large the precession angular velocity Ωp must be for precession to destabilise the
ﬂow. Recently, the precession dependence of the stability of the ﬂow in a precessing sphere as well as a spheroid has
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been investigated experimentally for rapid spinning and weak precession cases to obtain the power-law dependence
Γ ∝ Re−α, where Γ is the Poincare´ number (see eqn. (3)). It was found that α ≈ 0.9 for a sphere, and α ≈ 0.4 for a
spheroid of ellipticity 0.9 (see ﬁgure 5) [4]. It is quite surprising that such a small deviation of the container from the
sphere gives rise to such different behaviour in the stability curve. This observation provides the motivation for the
present stability analysis.
2. Steady ﬂow in a precessing sphere
We consider the ﬂow of an incompressible viscous ﬂuid in a sphere which is spinning with constant angular velocity
Ωs and precessing with another constant angular velocity Ωp perpendicular to the spin. The ﬂuid motion is governed
by the Navier-Stokes equation and the continuity equation
∂u
∂t
+ (u · ∇)u+∇p+ 2Γ ẑ×u− 1
Re
∇2u = 0, ∇ ·u = 0, (1)
under the non-slip boundary condition on the sphere surface,
u = x̂× r (on r = 1) (2)
where
Re =
a2Ωs
ν
(≡ δ−2) and Γ = Ωp
Ωs
(3)
are respectively the Reynolds number and Poincare´ number. All physical quantities are non-dimensionalised in term
of a, Ωs and ν.
The effects of precession on the steady ﬂow appears at O(Γ ), and is represented, in the inner region, as [5]
u = u(0) + Γδ−1u(1) + Γδ−3/5u(2) + · · · . (4)
The ﬁrst term represents the solid-body-rotation ﬂow rotating with the sphere itself,
u(0) = x̂× r = φ̂ r sin θ = φ̂ ρ, (5)
to which any ﬂow approaches after a sufﬁciently long time if there is no precession. The second term Γδ−1u(1)
is another solid-body-rotation ﬂow about an axis perpendicular both to the spin and precession rotations. This is
magniﬁed in the boundary layer by a factor δ−1 from the ﬂow of O(Γ ) induced in the inner region by the Coriolis
force. This velocity ﬁeld is written as
u(1) = [(Ωyz −Ωzy)x̂+Ωzxŷ−Ωyxẑ]
= [(Ωy sinφ−Ωz cosφ)ρx̂+ (Ωz cosφ−Ωy sinφ)xρ̂+ (−Ωz sinφ−Ωy cosφ)xφ̂], (6)
and the associated vorticity ﬁeld as
ω(1) = 2(Ωyŷ+Ωzẑ) = 2(Ωy cosφ+Ωz sinφ)ρ̂+ 2(−Ωy sinφ+Ωz cosφ)φ̂, (7)
where
Ωy = −7
√
2(19 + 9
√
3)
906
= −0.3779, Ωz = 7
√
2(19− 9√3)
906
= 0.03728 (8)
are the y and z components of the angular velocity [6].
The third term Γδ−3/5u(2) comes from the conical shear layers which cover two cones of aperture 60o, the apexes
of which are located on the ends of the spin axes and the bases of which are on the critical circles (located on the
sphere surface at a polar angle of 60o from the spin axis). The layer thickness is O(δ2/5). The velocity is nearly
parallel to the layer. The velocity proﬁle has two peaks of opposite sign, of which the outer one is larger in magnitude.
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The velocity magnitude is O(Γδ−3/5). It decreases with distance d from the layer, as d−3/2 toward the sphere centre,
and as d−5/2 toward the sphere boundary. This velocity ﬁeld is expressed as [6]
u(2)x (x, ρ, φ) = −
√
3Sq
− 12± W
′(p±) cos(φ+ b), (9a)
u(2)ρ (x, ρ, φ) = ±Sq−
1
2± W
′(p±) cos(φ+ b), (9b)
u
(2)
φ (x, ρ, φ) = ∓2Sq
− 12± W
′(p±) sin(φ+ b), (9c)
where S = 25/23−1/4, b = arctan[(19− 9√3)/(19 + 9√3)], and the auxiliary variables p± and q± are deﬁned (see
ﬁgures 1 and 2) by
p± = δ−
2
5
(
± 12x+
√
3
2 ρ− 12
)
, q± = ∓
√
3
2 x+
1
2ρ+
√
3
2 . (10)
Fig. 1. Conical-shear-layer coordinates. The two straight lines
attached with C± are the cross-lines on the (x, ρ)-plane of
cones, the centreline of which is the x-axis. The coordinates
(p±, q±) associated to each cone are deﬁned by (10).
Fig. 2. Velocity proﬁle in the conical shear layer. The am-
plitude decreases as (9
√
3a/256)p
− 5
2
+ for p+  1, and as
−(3√3a/32)|p+|− 32 for p+  −1. The total ﬂux, the in-
tegral of the velocity proﬁle over the whole domain, vanishes.
a = 14
√
151/453.
3. Linear stability
3.1. Expansion of disturbance ﬁeld
We consider here the temporal evolution of a small disturbance on the basic steady ﬂow. If we denote the distur-
bance velocity and pressure ﬁelds as u′(x)eσt and p′(x)eσt, then these ﬁelds are governed by
σu′ + (u · ∇)u′ + (u′ · ∇)u+∇p′ + 2Γ ẑ×u′ − δ2∇2u′ = 0, (11)
∇ ·u′ = 0, (12)
u′ = 0 (on r = 1). (13)
The disturbance is stable or unstable according as the sign of the real part of σ is negative or positive. In the following
the prime ′ for the disturbance ﬁeld is omitted for brevity.
Just as for the basic steady ﬂow, the disturbance ﬁeld and the growth rate are expanded from the non-precession
state as
u = u(0) +u(1) + · · · , p = p(0) + p(1) + · · · , σ = σ(0) + σ(1) + · · · . (14)
Here, the effects of both precession (Γ ) and viscosity (δ) are taken into account in the ﬁrst-order terms. It should be
noted here that the global modes of the disturbance are implicitly assumed in this expansion (see §5).
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The zero-order disturbance velocity ﬁeldu(0) without precession and viscosity is governed, in the inner region, by
σ(0)u(0) + (u(0) · ∇)u(0) + (u(0) · ∇)u(0) +∇p(0) = 0 (15)
∇ ·u(0) = 0 (16)
(u(0) · r) = 0 (on r = 1). (17)
The solution of these zero-order disturbance equations (15) – (17) are known [3]: There are an inﬁnite number of
eigenmodes, which are written explicitly in terms of the sinusoidal functions of the azimuthal coordinate φ and the
associate Legendre functions P |m|n of the axial x and the radial ρ coordinates, e.g. the eigenpressure ﬁeld is written as
pnmk(x, ρ, φ) = P
|m|
n (η+)P
|m|
n (η−) sin(mφ), (18)
where
η± =
1
4
[√
(|χnmk|x+ 2)2 − (4− χ2nmk)ρ2 ±
√
(|χnmk|x− 2)2 − (4− χ2nmk)ρ2
]
(19)
and χnmk is the k-th solution of the transcendental equation mP
|m|
n (
1
2χ) = [1−
(
1
2χ
)2
]P˙
|m|
n (
1
2χ) and the eigenvalue
is given by σ(0) = i(χnmn −m).
Note that the growth rate σ(0) is pure imaginary, i.e. the disturbance is neutrally stable, and that the imaginary parts
σ
(0)
i are different from mode to mode except for the axisymmetric (m = 0) and the (n,m, k) = (2, 1, 1) modes, both
of which are stationary, i.e. σ(0)i = 0. As will be shown below, these two degenerate modes play a key role in the
present stability analysis.
Next, at ﬁrst order, effects of both precession and viscosity being taken into account, the disturbance in the inner
region obeys the equations
σ(0)u(1) + (u(0) · ∇)u(1) + Γ (u(1) · ∇)u(0) +∇p(1)
= −σ(1)u(0) + (Γδ−1u(1) + Γδ−3/5u(2))×ω(0) +u(0) × (Γδ−1ω(1) + δ−3/5ω(2))
−∇(u(0) · (Γδ−1u(1) + Γδ−3/5u(2)))− 2Γ ẑ×u(0) (20a)
∇ ·u(1) = 0 (20b)
(u(1) · r) = Vr (on r = 1) (20c)
Those terms having u(1) and u(2) represent the effects of the ﬁrst order of the basic steady ﬂow. The term having
ẑ represents the effects of the Coriolis force. The viscous effects appear in the boundary condition (20c) as the radial
velocity Vr = O(δ) at the outer edge of the boundary layer given by the boundary-layer solution.
Multiplying the zero-order solution, v say, of this set of ﬁrst-order equations, and integrating this over the whole
interior of the sphere, we obtain the equation for σ(1) as
σ(1)
∫
(u(0) · v∗)dV = −
∫
Vrq
∗dS + Γ
∫
(δ−1u(1) + δ−3/5u(2)) · (ω(0) × v∗)dV
+Γ
∫
(δ−1ω(1) + δ−3/5ω(2) + 2ẑ) · (v∗ ×u(0))dV, (21)
where the incompressibility condition (20b), the boundary condition (20c), and the fact that σ(0) is pure imaginary
have been taken into account. The ﬁrst term on the right-hand side represents damping due to viscous dissipation in
the boundary layer, and the second and third terms represent the interaction between different modes of disturbance
through the ﬁrst order of the basic steady ﬂow. Note that σ(1) can be calculated solely in terms of the zero-order
solution.
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3.2. Estimation of σ(1)
Since σ(0), the leading order of the growth rate, is pure imaginary, the instability of the small disturbances is
determined by the sign of the real part of σ(1) which may be estimated by (21). Before proceeding to the detailed
analysis we consider the possibility that the present formulation would predict the asymptotic power dependence
Γ ∝ Re−0.9 (= δ1.8) for a sphere or Γ ∝ Re−0.4 (= δ0.8) for a spheroid as observed experimentally [4]. As is well-
known [3], the ﬁrst term on the right-hand side of (21) is negative deﬁnite and is of O(δ) (see (33a), (34) and (33d),
(35) below). Therefore the instability should be brought about by the other terms. At ﬁrst sight, the contributions
from the ﬁrst and second orders of the basic steady ﬂow, i.e. those terms attached with superscripts (1) and (2), are
of O(Γδ−1) and O(Γδ−3/5), and therefore , by equating them to δ, we may expect that the asymptotes Γ ∝ δ2 and
Γ ∝ δ8/5 respectively. Likewise the contribution from the Coriolis force term is expected to lead to that Γ ∝ δ.
Curiously, all the powers are different from the experimental observation but the difference is quite small. As will be
shown below, the analysis shows us another power law, different from all of the above estimates.
The integrands in the second and third volume integrals on the right-hand side of (21) are composed of the triple
product of two zero-order modes and either u(1), u(2),ω(1),ω(2), or ẑ. Since the latter ﬁve quantities have sinφ or
cosφ dependence, the difference in wavenumber of the two zero-order modes must be ±1 so that the integral may not
vanish. Moreover, in order that σ(1) should play a role, the zero-order σ(0) must be same between the two zero-order
modes. It is only the axisymmetric (m = 0) and the (2, 1, 1)modes that such resonance conditions are satisﬁed among
all the zero-order eigenmodes of disturbance.
Now we consider the eigenvalue problem of disturbances constructed by these two modes when a weak precession
is imposed. The other modes which do not satisfy the resonance conditions will decay faster. We write the zero-order
disturbances as
u(0) = AuA +uB (22)
Here, the ﬁrst term uA represents the (2, 1, 1) mode, and the second uB the axisymmetric mode.
3.2.1. The (2, 1, 1) mode
This mode is the solid-body rotation ﬂow around the y-axis, of which the velocity, the vorticity and the pressure
ﬁelds are respectively written as
uA =
√
15
8π
(
+zx̂− xẑ) =√ 15
8π
(+ρ sinφx̂− x sinφρ̂− x cosφφ̂), (23a)
ωA = 2
√
15
8π
ŷ = 2
√
15
8π
(cosφρ̂− sinφφ̂), pA =
√
15
8π
xy. (23b)
The radial velocity and the pressure at the outer edge of the boundary layer are given by
V Ar (μ, φ) = −δ
3
2
√
15
8π
√
1− μ2 Real
[(
1 + μ
λ3+
− 1− μ
λ3−
)
eiφ
]
, pA =
√
15
8π
μ
√
1− μ2, (24)
where
λ± = (1 + sgn( 12 ± μ)i)| 12 ± μ|1/2, λ2± = i(1± 2μ). (25)
This boundary-layer solution is the same as that for the steady ﬂow except that a →√15/8π and b → 0 [5].
3.2.2. The axisymmetric (m = 0) mode
The velocity proﬁle of the axisymmetric mode is a function of ρ only, but its functional form is arbitrary. Here,
we represent it by a linear combination of the orthonormal modes expressed by the associated Legendre polynomials
P 12n(x) of order 1 and of even degree as
uBn(ρ) = φ̂
√
1
4π
4n+ 1
2n(2n+ 1)
P 12n(
√
1− ρ2)√
1− ρ2 (= φ̂gn(ρ), say) (26)
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and
uB(ρ) =
∞∑
n=1
BnuBn(ρ). (27)
For each component of the axisymmetric mode, the vorticity and the pressure ﬁelds are written respectively as
ωBn(ρ) = x̂
1
ρ
d
dρ
ρgn(ρ), p
B
n(ρ) = 2
∫ ρ
gn(ρ)dρ. (28)
On the sphere surface the pressure is written as
pBn(ρ) = −2
√
1
4π
4n+ 1
2n(2n+ 1)
∫ |μ| P 12n(|μ|)√
1− μ2 dμ, (29)
whereas the radial component of velocity at the outer edge of the boundary layer is given by
VBn(μ) = +
sgn(μ)
2
√
1
4π
4n+ 1
2n(2n+ 1)
d
dμ
√
1− μ2P 12n(μ)
|μ|3/2 . (30)
All these modes together with the (2, 1, 1) mode are orthonormalized with respect to volume integration, that is,∫
(uA ·uA)dV = 1,
∫
(uA ·uBn)dV = 0 (n = 1, 2, · · · ),
∫
(uBn ·uBm)dV = δn,m (n,m = 1, 2, · · · ). (31)
4. Eigenvalue problem
4.1. Matrix elements
Multiplying (21) by uA and uBn and integrating over the interior of the sphere, we obtain the following set of
eigenvalue equations;⎡⎢⎢⎢⎣
M0,0 M0,1 M0,2 · · ·
M1,0 M1,1 M1,2 · · ·
M2,0 M2,1 M2,2 · · ·
· · · · · · · · · · · ·
⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
A
B1
B2
· · ·
⎤⎥⎥⎥⎦ = σ(1)
⎡⎢⎢⎢⎣
A
B1
B2
· · ·
⎤⎥⎥⎥⎦ . (32)
Here,
M0,0 = −
∫
V Ar p
AdS, (33a)
M0,m = Γ
∫ [
(δ−1u(1)+δ−3/5u(2))·(ωBm×uA)+(δ−1ω(1)+δ−3/5ω(2)+2ẑ)·(uA×uBm)
]
dV, (33b)
Mn,0 = Γ
∫ [
(δ−1u(1)+δ−3/5u(2)) · (ωA×uBn)+(δ−1ω(1)+δ−3/5ω(2)+2ẑ)·(uBn×uA)
]
dV, (33c)
Mn,m = −
∫
V Bmrp
B
ndS, (n,m = 1, 2, · · · ). (33d)
The elementM0,0 is calculated by integration of the product of the radial velocity and the pressure (24) at the outer
edge of the boundary layer to be
M0,0 = −δ 3
√
2(19 + 9
√
3)
56
= −δ 2.6204 · · · . (34)
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Likewise, the element Mn,m is calculated to be
Mn,m = −δ 2
√
(4n+ 1)(4m+ 1)
2n(2n+ 1)2m(2m+ 1)
∫ 1
0
P 12n(μ)P
1
2m(μ)
μ3/2
dμ (35)
by the use of the radial velocity (30) and the pressure (29) of the axisymmetric mode at the outer edge of the boundary
layer. This represents the viscous dissipation of the axisymmetric mode. Note that the off-diagonal elements (n 	= m)
do not necessarily vanish because the axisymmetric modes are not orthogonalised with respect to the volume integral
over the boundary layer (though they are orthogonalised with respect to the volume integral over the inner region).
The ﬁrst three terms read
M1,1 = −(40/7) δ, M2,2 = −(3120/77) δ, M1,2 = M2,1 = +(120
√
6/77) δ. (36)
The ﬁrst two elements, which represent the viscous self-interaction of each mode, act always as stabilisation
effects on the disturbance. The destabilisation is therefore attributable to the other two terms, M0,m and Mn,0,
which represent mutual interactions between the two modes.
For the element Mn,0 which represents the interaction between different modes, the two terms which contain the
ﬁrst order of the basic ﬂow, u(1) andω(1), are shown to be zero! This excludes the ﬁrst anticipation Γ ∝ δ2 made at
the beginning of § 3.2. The Coriolis terms are calculated to be
Γ
∫
uBn · [uA × 2ẑ)]dV = Γ
√
8π
15
δn,1 = Γ1.2944 · · · δn,1. (37)
Next, the interaction with the conical shear layers, the terms having u(2) andω(2), is summed up to be
Γδ−3/5
√
15
8π
∫ [
+u(2)x gn cosφ+ u
(2)
ρ gn
x
ρ
cosφ− u(2)φ x
dgn
dρ
sinφ
]
dV. (38)
By substituting them the velocity ﬁeld (9a) – (9c) of the conical shear layers, we ﬁnd the contribution from the
respective cones as
Γ
√
15
8π
π cos b δ−3/5S
∫∫
dxρdρ q
− 12± W
′(p±)
(
−
√
3gn ± xgn
ρ
± 2xdgn
dρ
)
(for C±). (39)
To perform this integration we must recall the peculiar functional form of W ′(p±) as depicted in ﬁgures 1 and 2,
whereas function gn(ρ) is ordinary. That is, W ′(p±) takes sharp peaks along two thin layers C± of thicknessO(δ2/5),
the magnitude decreases with the distance |p±| from the layers as in proportion to |p+|−5/2 for p+ 
 1 and |p+|−3/2
for p+  −1, and integrates out over the whole range −∞ < p+ < ∞. The asymptotic value for δ  1 of this
integral may be estimated by the integral over the shadow region of ﬁgure 3 (see Appendix A). Both conical shear
layers give equal contributions, the sum of which is written as
Γ31/4
√
15
8π
π cos b S
∫ 1
0
dq˜
∫ q˜
0
dp˜
1
p˜1/2q˜1/2
[
ρ
dgn
dρ
+ 2gn −
√
3x
(
2
d
dρ
ρ
dgn
dρ
+
dgn
dρ
)]
, (40)
where p = −p˜, q = √3q˜ and
ρ =
√
3
2 (q˜ − p˜), x = 12 (2− p˜− 3q˜). (41)
Note here that the factor δ−3/5 disappeared in the course from (39) to (40). This is attributed to the null total ﬂux of
the conical shear layer. Thus, the second possibility Γ ∝ δ8/5 is also excluded. In summary, the element Mn,0 is
given by the sum of (37) and (40). The integral in (40) is zero for n = 1, and 2 for 107
√
3 = 2.4743 (cf. (55) and (56)).
Finally, the element M0,m can be estimated in the same way as for Mn,0. That is, those terms which include the
ﬁrst order of the basic ﬂowu(1) are summed out, and the term of Coriolis force is the same magnitude as, and opposite
sign from, the corresponding one for Mn,0. The contribution from the conical shear layers u
(2) is also similar to be
Γ31/4
√
15
8π
π cos b S
∫ 1
0
dq˜
∫ q˜
0
dp˜
1
p˜1/2q˜1/2
[
2ρ
dgn
dρ
+ gn −
√
3x
(
d
dρ
ρ
dgn
dρ
+ 2
dgn
dρ
)]
(42)
This has the same structure as (40) forMn,0 with a difference in some numerical factors. They are identical for n = 1.
The above integral is zero for m = 1 and 4635
√
3 = 2.27640 for m = 2.
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Fig. 3. Domain of integration.
Fig. 4. Parameter dependence of solutions of eigenvalue equation (44).
Two of the three solutions are plotted in the complex plane. The number
attached with each symbol indicates the value of γ introduced by (46).
The third solution is real and less than −41.1.
4.2. Asymptote of neutral curve
Now that all the matrix elements representing the interaction between the (2,1,1) mode and the axisymmetric mode
are known, we can construct the eigenvalue problem (32). Although all the axisymmetric components should be
taken into account for the exact treatment, we take here only the ﬁrst two components for the sake of simplicity.
Since higher-order components decay more rapidly (see (36)), this treatment is expected to be reasonable for a rough
estimation of the neutral curve. Then, we have the eigenvalue equation,⎡⎢⎣ M0,0 M0,1 M0,2M1,0 M1,1 M1,2
M2,0 M2,1 M2,2
⎤⎥⎦
⎡⎢⎣ AB1
B2
⎤⎥⎦ = σ
⎡⎢⎣ AB1
B2
⎤⎥⎦ . (43)
Recall that A is the amplitude of the (2,1,1) mode, and B1 and B2 are the amplitudes of the terms g1(ρ) and g2(ρ) of
the axi-symmetric mode. In the following we write σ for σ(1) for brevity.
The matrix elements are known from (33a), (33d), (38), (40) and (42) as M0,0 = −2.6204δ, M0,1 = −1.2944Γ ,
M0,2 = 2.2764Γ , M1,0 = 1.2944Γ , M1,1 = −5.7142δ, M1,2 = +3.8173δ, M2,0 = 2.4743Γ , M2,1 = +3.8173δ,
M2,2 = −40.519δ. Denoting these matrix elements asM0,0 = −aδ,M1,1 = −bδ,M2,2 = −cδ,M1,2 = M2,1 = dΓ ,
M1,0 = −M0,1 = eΓ , M2,0 = fΓ , M0,2 = gΓ , we may write the eigenvalue equation as
σ3 + pσ2 + qσ + r = 0 (44)
with
p = a+ b+ c (= 48.853),
q = ab+ bc+ ca− d2 + (e2 − f2)γ2 (= 338.10− 4.4466γ2),
r = a(bc− d2) + [ce2 − bfg + de(f − g)]γ2 (= 568.50 + 36.682γ2).
(45)
Here,
Γ = γδ. (46)
It is clear from (45) that coefﬁcients p and r are always positive, whereas q changes the sign at γ = 8.720 (q > 0 for
γ < 8.720 and q < 0 for γ > 8.720). If we write the solution of the eigenvalue equation (44) as σ = σr + iσi, then
the real and imaginary parts respectively satisfy
σ3r − 3σrσ2i + p(σ2r − σ2i ) + qσr + r = 0, (3σ2r − σ2i + 2pσr + q)σi = 0. (47)
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If a disturbance is neutrally stable (σr = 0), then
pσ2i = r, (σ
2
i − q)σi = 0. (48)
The second equation implies that σi = 0 or σ2i = q. Since p > 0 and r > 0, we see that σi 	= 0 from the
ﬁrst equation. Therefore, σi = 0 is impossible. On the other hand, the condition σ2i = q can be realized if q > 0
and pq = r. In this case the disturbance oscillates with frequency σi =
√
q. In fact, the condition pq = r holds at
γ = 7.925 (= γc, say) when q > 0 and the frequency is fc = 7.668. Therefore, an oscillatory instability arises. Thus
we obtain the asymptotic form of the stability curve
Γ = 7.925Re−1/2. (49)
As compared in ﬁgure 5, this curve agrees well with the stability boundary observed for a precessing spheroid of
ellipticity 0.9 but not for a precessing sphere [4]. This puzzling result will be considered in the next section.
In ﬁgure 4 we show the parameter γ dependence of two of the three solutions of (44). The attached numbers
indicate the value of γ. The third solution varies from −41.1 to −52.4 on the real axis for 0 < γ < 10. A double root
(−3.862) occurs at γ = 1.1088.
5. Discussion
The agreement of the present stability analysis for a
precessing sphere with the experimental observation
for a spheroid (but not for a sphere) is a bit surpris-
ing. We consider here this agreement and disagree-
ment. First, we recall that as seen in the leading-
order equations (15) – (16) for the disturbances, the
present stability analysis was for the inviscid global
modes. There is another instability mode localised in
the vicinity of the critical circle [5]. In fact, our pre-
liminary analysis shows the power law Γ ∝ Re−4/5
consistent with the experimental observation for the
sphere (see ﬁgure 5). This analysis is underway and
will be published elsewhere after obtaining the nu-
merical value of the pre-factor of the power law. Sec-
ond, concerning the coincidence with the case of a
spheroid, we note that the primary effects on the ﬂow
of the deviation from the sphere appears in the di-
rection of the axis of solid-body rotation ﬂow in the
ﬁrst-order of the basic ﬂow. That is, for a spheroid
spinning around and precessing perpendicular to the
symmetry (x) axis, the y and z (the precession axis)
components of the angular velocity of the ﬁrst-order
solid-body rotation are estimated as [6]
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Fig. 5. Stability boundary of steady ﬂow in precessing cavities. DNS
for a sphere (circles), Experiment for a sphere (squares) and a spheroid
of ellipticity 0.9 (diamond). The present theory for global disturbance
(solid line) and for local disturbance (broken line) (Experimental data
were taken from [4]).
Ωy = −0.3779[1 + 0.07455+O(2)], Ωz = 0.03728[1− 3.794+O(2)]. (50)
Here, we have taken the radii of the spheroid along and perpendicular to the symmetry axis as (1 + )a and a,
respectively, and assumed ||  1 As in the case of experiment [4], if we take  = 1/9, then we have Ωy = −0.381
and Ωz = 0.0216. The difference of the angular velocity between the sphere and spheroid cases are only 0.8% in
magnitude and 0.04rad in direction. Such small effects of the deviation from the sphere may explain the agreement of
the present analysis for the sphere with the experimental observation for a spheroid of ellipticity 0.9.
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Appendix A
In (39) there appears the following integration
I(Δ) =
∫ b
−a
f(η)W ′(η/Δ)dη, (51)
where Δ  1 and W (η) = W+ η− 32 (η 
 1), W− |η|− 12 ((η  −1).
This integral may be estimated as
I(Δ) ≈ −Δ
∫ b
−a
f ′(η)W (η/Δ)dη = −Δ2f ′(0)
∫ ∞
0
W (η)dη −Δ3/2W−∞
∫ 0
−a
f ′(η)|η|−1/2dη. (52)
Since ∫ ∞
0
W (η)dη = 0.020, W−∞ =
3
√
6a
64
= 0.04360 (53)
for the conical shear layers, we ﬁnd that (39) becomes
Γ31/4
√
15
8π
π cos b S
∫ 1
0
dq˜
∫ q˜
0
dp˜
1
p˜1/2q˜1/2
[
2ρ
dgn
dρ
+ gn −
√
3x
(
d
dρ
ρ
dgn
dρ
+ 2
dgn
dρ
)]
. (54)
The following formula may be useful for calcuation of the integrals in (40) and (42):∫ 1
0
dq˜
∫ q˜
0
dp˜
ρ2n+1
p˜1/2q˜1/2
=
1
2(n+ 1)
(√
3
2
)2n+1
B(2n+ 2, 12 ), (55)
∫ 1
0
dq˜
∫ q˜
0
dp˜
xρ2n
p˜1/2q˜1/2
=
1
2(n+ 1)
(√
3
2
)2n+1
1√
3
[
−2n− 1
2n+ 1
B(2n+ 1, 12 )−B(2n+ 1, 32 )
]
, (56)
where B(α, β) is the beta function.
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